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LARGE TIME ASYMPTOTICS OF SOLUTIONS
TO THE GENERALIZED BENJAMIN-ONO EQUATION

NAKAO HAYASHI AND PAVEL I. NAUMKIN

Abstract. We study the asymptotic behavior for large time of solutions to
the Cauchy problem for the generalized Benjamin-Ono (BO) equation: ut +
(|u|ρ−1u)x + Huxx = 0, where H is the Hilbert transform, x, t ∈ R, when
the initial data are small enough. If the power ρ of the nonlinearity is greater
than 3, then the solution of the Cauchy problem has a quasilinear asymptotic
behavior for large time. In the case ρ = 3 critical for the asymptotic behavior
i.e. for the modified Benjamin-Ono equation, we prove that the solutions have
the same L∞ time decay as in the corresponding linear BO equation. Also
we find the asymptotics for large time of the solutions of the Cauchy problem
for the BO equation in the critical and noncritical cases. For the critical case,
we prove the existence of modified scattering states if the initial function is
sufficiently small in certain weighted Sobolev spaces. These modified scattering
states differ from the free scattering states by a rapidly oscillating factor.

1. Introduction

In this paper we study the asymptotic behavior in time of solutions of the Cauchy
problem for the generalized Benjamin-Ono (BO) equation{

ut + (|u|ρ−1u)x +Huxx = 0, t, x ∈ R,
u(0, x) = u0(x), x ∈ R.

(1.1)

Here H = − 1
π

∫ u(t,y)
y−x dy is the Hilbert transform and u0 is a real valued function.

We note that H∂2
x = ∂x(−∂2

x)1/2.
The physical background of the Benjamin-Ono equation is discussed in [5, 25, 32,

34]. Exact solitary wave solutions were found in [4, 7], and the inverse scattering
transform method was applied to the Cauchy problem (1.1) when ρ = 2 in [3, 6,
8, 27]. The Cauchy problem (1.1) has been intensively studied by many authors.
The existence of solutions in the Sobolev space Hs was proved in [1, 2, 13, 18, 19,
24, 28, 30, 31] and the smoothing properties of solutions were studied in [9, 12, 14,
15, 20, 29, 35]. In the case ρ ≥ 5 some estimates of the time decay of the solutions
and the existence of the free evolution states were proved in the paper [21]. As far
as we know there is no any other result on the asymptotic behavior of solutions of
the Cauchy problem for the generalized BO equation (1.1). For small initial data
in H2,0∩H1,1, we prove that in the noncritical case ρ > 3 the solutions of (1.1) are
asymptotically free, i.e. tend to the solutions of the linear BO equation as t→∞.
And for the critical case ρ = 3 we prove that for small initial data in H3,0 ∩H1,2
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the solutions decay as t → ∞ in L∞ norm at the same rate t−
1
2 as the linear BO

equation. Also we construct the modified scattering states and prove the existence
of the inverse modified wave operators. We note that the modified wave operators
and the inverse modified wave operators for the nonlinear Schrödinger equations
were constructed previously in papers [11, 17, 26] and [16, 22, 23], respectively.

Before stating our results we give
Notation and function spaces. Let Fφ or φ̂ be the Fourier transform of φ,

defined by

Fφ(ξ) =
1√
2π

∫
e−ixξφ(x)dx.

The inverse Fourier transform F−1 is given by

F−1φ(x) =
1√
2π

∫
eixξφ(ξ)dξ.

Let U(t) be the free Benjamin-Ono evolution group defined by

U(t)φ = F−1e−itξ|ξ|φ̂(ξ)

=
1
2π

∫
dyφ(y)

∫
dξeiξ(x−y)−itξ|ξ|

=
1√|t|Re

∫
e

i(x−y)2

4|t| E(
(y − x)

√|t|
2t

)φ(y)dy.

After the change of variables ξ − η
2t = z√

|t| we obtain

1
2π

∫
eiξη−itξ|ξ|dξ =

1
π

Re
∫ ∞

0

eiξη−itξ2
dξ

=
1

π
√|t|Re e

iη2
4|t|

∫ ∞

−η
√

|t|
2t

e−iz2
dz =

1√|t|Re e
iη2
4|t|E(

−η√|t|
2t

),

where

E(η) =
1
π

∫ ∞

η

e−iz2
dz.

We introduce some function spaces. Lp = {φ ∈ S′; ‖φ‖p < ∞}, where ‖φ‖p =
(
∫ |φ(x)|pdx)1/p if 1 ≤ p < ∞ and ‖φ‖∞ = ess sup{|φ(x)|;x ∈ R} if p = ∞.

For simplicity we let ‖φ‖ = ‖φ‖2. The weighted Sobolev space Hm,s
p is defined

by Hm,s
p = {φ ∈ S′; ‖φ‖m,s,p = ‖(1 + |x|2)s/2(1 − ∂2

x)m/2φ‖p < ∞}, m, s ∈ R,
1 ≤ p ≤ ∞; for short we put Hm,s = Hm,s

2 , ‖ · ‖m,s = ‖ · ‖m,s,2. We let (ψ, φ) =∫
ψ ·φdx and let C(I;H) be the space of continuous functions from an interval I to

a Banach space H . Different positive constants may be denoted by the same letter
C. If necessary, by C(∗, · · · , ∗) we denote constants depending on the quantities
appearing in the parentheses.

We now state our results.

Theorem 1.1. Assume that the initial data u0 is real, with u0 ∈ H2,0 ∩H1,1 and
‖u0‖2,0+‖u0‖1,1 = ε, where ε is sufficiently small. Then there exists a unique global
solution u of the Cauchy problem (1.1) with ρ > 3 such that

u ∈ C(R;H2,0 ∩H1,1),
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‖u(t)‖∞ + ‖ux(t)‖∞ ≤ Cε(1 + |t|)−1/2.

Theorem 1.2. Let u be the solution of (1.1) with ρ > 3 obtained in Theorem 1.1.
Then for any u0 ∈ H2,0 ∩H1,1 there exists a unique function V ∈ H1,0 ∩H0,1 such
that

‖U(−t)u(t)−F−1V ‖1,0 + ‖U(−t)u(t)−F−1V ‖0,1 ≤ Cεt−
1
2 min{1,ρ−3} for t ≥ 1.

(1.2)

Furthermore, for large time t we have the asymptotic formula

u(t, x) =

√
2π
t

Re(E(− x

2
√
t
)V (

x

2t
) exp(i

x2

4t
)) +O(εt−

1
2− 1

2 min{1,ρ−3}).(1.3)

Theorem 1.3. Assume that the initial data u0 is real, with u0 ∈ H3,0 ∩H1,2 and
‖u0‖3,0+‖u0‖1,2 = ε, where ε is sufficiently small. Then there exists a unique global
solution u of the Cauchy problem for the modified BO equation (1.1) with ρ = 3
such that

u ∈ C(R;H3,0 ∩H1,2),

‖u(t)‖∞ + ‖ux(t)‖∞ ≤ Cε(1 + |t|)−1/2.(1.4)

Theorem 1.4. Let u be the solution of the Cauchy problem (1.1) with ρ = 3 ob-
tained in Theorem 1.3. Then for any u0 ∈ H3,0 ∩H1,2 there exist unique functions
W and Φ ∈ L∞ such that

‖F(U(−t)u)(t) exp(3iπp
∫ t

1

|û(τ)|2)dτ
τ

)−W‖∞ ≤ Cεt−α for t ≥ 1,(1.5)

‖πp
∫ t

1

|û(τ)|2 dτ
τ
− πp|W |2 log t− Φ‖∞ ≤ Cεt−α for t ≥ 1,(1.6)

where 0 < α < 1/4 − Cε and Φ is a real valued function. Furthermore, for large
time t we have the asymptotic formula

u(t, x) =

√
2π
t

Re(E(− x

2
√
t
)W (

x

2t
) exp(i

|x|2
4t

− 3i
x

2t
π|W (

x

2t
)|2 log t− 3iΦ(

x

2t
))

+O(εt−1/2−α),(1.7)

and for t ≥ 1

‖F(U(−t)u)(t)−W exp(−i3πp|W |2 log t− 3iΦ)‖∞ ≤ Cεt−α.(1.8)

In what follows, for simplicity we only consider positive time t.

Remark 1.1. The inequalities (1.2), (1.5), (1.6) and (1.8) show that the functions
V,W and Φ can be calculated approximately via the initial data u0, and (1.2) means
the existence of the scattering states in the noncritical case ρ > 3.

Remark 1.2. Our method can also be applied to the equation{
ut + (f(u))x +Huxx = 0, t, x ∈ R,
u(0, x) = u0(x), x ∈ R,

where f(u) = O(|u|ρ−1u) for small u, where ρ ≥ 3.
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We organize our paper as follows. In Section 2 we give some preliminary esti-
mates. The Sobolev inequality is stated in Lemma 2.1. Lemma 2.2 says that the
time decay of the function can be represented by the free evolution group of the
Benjamin-Ono operator. Lemmas 2.3 and 2.4 are used in the proof of Lemma 2.5,
and Lemma 2.5 is necessary for the proof of Lemma 4.2 to treat the nonlinear term in
the critical case ρ = 3. In Section 3 we prove Theorems 1.1 and 1.2, and in Section 4
we prove Theorems 1.3 and 1.4 by a priori estimates of local solutions to (1.1) estab-
lished in Lemma 3.1 and Lemmas 4.1–4.2 respectively. Our approach for the critical
case ρ = 3 consists of two parts. First, in Lemma 4.1 we establish some rough a
priori estimates of the solution in the norms ‖u‖3,0 and ‖xU(−t)u‖2,0, assuming
that the precise decay estimate of the solution ‖u‖∞ + ‖ux‖∞ ≤ C(1 + |t|)−1/2

is already known. In order to obtain the desired estimates, we apply the dilation
operator I = x + 2t∂t

∫ x

−∞ dx′, which was previously used in [15] to obtain the
smoothing properties of the BO equation. Then in Lemma 4.2 we prove the precise
decay estimate of the solution, ‖u‖∞ + ‖ux‖∞ ≤ C(1 + |t|)−1/2, assuming that the
rough estimates of the solution in the norm ‖u‖3,0 + ‖xU(−t)u‖2,0 are fulfilled.

2. Preliminaries

Lemma 2.1. Let q, r be any numbers satisfying 1 ≤ q, r ≤ ∞, and let j,m be any
numbers satisfying 0 ≤ j < m. If u ∈ Hm,0

r ∩ Lq, then

‖(−∂2
x)j/2u‖p ≤ C‖(−∂2

x)m/2u‖a
r‖u‖1−a

q ,

where 1/p = j + a((1/r) −m) + (1 − a)/q for all a in the interval j/m ≤ a ≤ 1,
where C is a constant depending only on m, j, q, r, a, with the following exception:
if m − j − 1/r is a nonnegative integer, then the above inequality holds for any
j/m ≤ a < 1.

For Lemma 2.1 see, e.g., [10, 33].

Lemma 2.2. Let u(t, x) be a smooth function. Then, for all t ≥ 1,

‖u(t)‖∞ ≤ t−1/2‖U(−t)u(t)‖0,1,(2.1)

‖u(t)‖∞ ≤ Ct−1/2‖Fu(t)‖∞ + Ct−1/2−ν‖U(−t)u(t)‖0,1,(2.2)

where ν ∈ [0, 1/2) and U(t) is the free Benjamin-Ono evolution group.

Proof. We have the identity

u(t, x) = U(t)U(−t)u(t, x) =
1√
t
Re
{∫

ei(x−y)2/4tE(
y − x

2
√
t

)U(−t)u(t, y)dy
}
,

(2.3)

where E(x) = 1
π

∫∞
x e−iy2

dy. Let us consider only the case t ≥ 1. The first estimate
(2.1) easily follows from (2.3). To obtain (2.2) we write (2.3) in the following way:

u(t, x) = Re
{
eix2/4t

√
t

∫
e
−ixy
2t U(−t)u(t, y)eiy2/4tE(

y − x

2
√
t

)dy
}

=

√
2π
t

Re
{
eix2/4tE(− x

2
√
t
)(FU(−t)u(t))(t, x

2t
)
}

+R(t, x),(2.4)
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where

R(t, x) =

√
2π
t

Re
{
eix2/4t

∫
e−ixy/2t(eiy2/4tE(

y − x

2
√
t

)

− E(− x

2
√
t
))U(−t)u(t, y)dy

}
.

We let ν satisfy 0 ≤ ν < 1/2. Then we have the estimate

|eiy2/4t − 1| = 2| sin y
2

4t
| ≤ C

|y|ν
|t|ν/2

and by the Lagrange formula we get

|E(
y − x

2
√
t

)− E(− x

2
√
t
)| ≤ C|E′(κ) y√

t
|ν ≤ C

|y|ν
tν/2

,

where κ is an intermediate point. Thus by the Schwarz inequality we have

‖R‖∞ ≤ Ct−1/2−ν/2‖|y|νU(−t)u(t, y)‖1 ≤ Ct−1/2−ν/2‖U(−t)u(t)‖0,1.(2.5)

From (2.4) and (2.5) we obtain (2.2). Lemma 2.2 is proved.

In the next lemma we estimate the following integral:

Ω1 = max(1, η)
∫ ∞

η

eix2
E(ax+ χ)dx,

where η, a, χ ∈ R, E(x) = 1
π

∫∞
x eiy2

dy.

Lemma 2.3. The estimate

sup
χ,η∈R

|Ω1| ≤ C

is valid, where C = C(a).

Proof. Using the identity

eix2
=

1
1 + 2ix2

d

dx
(xeix2

),(2.6)

we integrate by parts with respect to x to get

Ω1 = max(1, η){ − ηeiη2

1 + 2iη2
E(aη + χ)

+
∫ ∞

η

4ix2eix2

(1 + 2ix2)2
E(ax+ χ)dx+

∫ ∞

η

axeix2+i(ax+χ)2dx

π(1 + 2ix2)
}.

Hence we obtain

|Ω1| ≤ Cmax(1, η){ 1
1 + |η| +

∫ ∞

η

dx

1 + x2
+ |
∫ ∞

η

eix2(1+a2)+2iaχx xdx

1 + 2ix2
|}.
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Now consider the case η ≥ 1. Using the Bonnet theorem on the mean value of the
conditionally convergent integral, we get

|
∫ ∞

η

eix2(1+a2)+2iaχx xdx

1 + 2ix2
|

= |
∫ ∞

η

eix2(1+a2)+2iaχx(
1

2ix(1 + 2ix2)
− 1

2ix
)dx|

≤ C

∫ ∞

η

dx

x3
+ C|

∫ ∞

η

eix2(1+a2)+2iaχx dx

x
|

≤ C

η2
+
C

η
|
∫ κ

η

eix2(1+a2)+2iaχxdx| ≤ C

η
,

where κ ∈ (η,∞) is an intermediate point. Thus we have |Ω1| ≤ C. The case η < 1
can be considered analogously. Lemma 2.3 is proved.

Let us now estimate the following integral:

Ω2 = P 1−νt−ν/2(max(1,min(η, |χ|)))ν

∫ ∞

η

eix2
E(σx + χ)dx

P + (x − η)/
√
t
,

where P, t ≥ 1, η, χ ∈ R, ν ∈ (0, 1), σ = +1 or −1.

Lemma 2.4. We have the estimate

sup
P,t≥1,χ,η∈R

|Ω2| ≤ C,

where C = C(γ).

Proof. Using (2.6), we integrate by parts with respect to x, and get

Ω2 = −P 1−νt−ν/2(max(1,min(η, χ))ν{ηE(ση + χ)eiη2

P (1 + 2iη2)

−
∫ ∞

η

(
4ix2

1 + 2ix2
+

x

P
√
t+ x− η

)
E(σx+ χ)eix2

dx

(P + (x− η)/
√
t)(1 + 2ix2)

− σ

π

∫ ∞

η

e−2iσχx−iχ2
xdx

(P + (x− η)/
√
t)(1 + 2ix2)

}.

Hence

|Ω2| ≤ C + Cmax(1, η)
∫ ∞

η

dx

1 + x2

+ C(max(1, η))ν

∫ ∞

η

dx

(1 + |x|)(P√t+ x− η)
+ Ω3 ≤ C + Ω3,(2.7)

where

Ω3 = P 1−νt−ν/2(max(1,min(η, χ)))ν |
∫ ∞

η

e−2iσxχxdx

(P + (x− η)/
√
t)(1 + 2ix2)

|.

If |χ| ≤ 1 we estimate the last integral Ω3 in the following manner:

|Ω3| ≤ Ct−ν/2

∫ ∞

η

dx

(1 + |x|)(P + (x− η)/
√
t)ν

≤ C

∫ ∞

η

dx

(1 + |x|)(1 + x− η)ν

≤ C

∫ ∞

η

((1 + |x|)−1−ν + (1 + x− η)−1−ν)dx ≤ C.
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And if |χ| ≥ 1, we integrate one more time by parts with respect to x, and get

Ω3 ≤ CP 1−νt−ν/2|χ|ν | ηe−2iσηχ

2iχP (1 + 2iη2)

−
∫ ∞

η

(
2ix2 − 1
1 + 2ix2

+
x

P
√
t+ x− η

)
e−2iσxχdx

2iχ(1 + 2ix2)(P + (x− η)/
√
t)
|

≤ C + C

∫ ∞

η

(
1

1 + x2
+

1
(1 + |x|)(1 + x− η)

)dx ≤ C.(2.8)

From (2.7) and (2.8) we obtain the result. Lemma 2.4 is proved.

In the next lemma we consider the following integral:

N (t, p) = (ip)k+1

∫ ∫
eitLv̂(t, ξ1)v̂(t, ξ2)v̂(t, ξ3)dξ1dξ2,

where L = −p2 + ξ1|ξ1|+ ξ2|ξ2|+ ξ3|ξ3|, ξ3 = p− ξ1 − ξ2, k = 0, 1, t, p > 0.

Lemma 2.5. Let v be a real function, v ∈ H2,1 and t, p > 0. Then the representa-
tion

N (t, p) =
iπ(ip)k+1

t
√

3
e−2itp2/3v̂3(t,

p

3
) +

3π(ip)k+1

t
|v̂(t, p)|2v̂(t, p) +R(t, p)(2.9)

is valid with the estimate

‖R‖∞ ≤ Ct−1−γ‖v‖32,1,(2.10)

where γ ∈ (0, 1/4), k = 0, 1.

Proof. Since the function eitLv̂(t, ξ1)v̂(t, ξ2)v̂(t, ξ3), where L = −p2+ξ1|ξ1|+ξ2|ξ2|+
ξ3|ξ3|, ξ3 = p − ξ1 − ξ2, is symmetric with respect to the variables ξ1, ξ2, ξ3, we
can write N as a sum of the following three integrals:

N = Q1 +Q2 +Q3,(2.11)

where

Q1 = (ip)k+1

∫ ∫
Λ1

eitL1 v̂(t, ξ1)v̂(t, ξ2)v̂(t, ξ3)dξ1dξ2,

Qj = 3(ip)k+1

∫ ∫
Λj

eitLj v̂(t, ξ1)v̂(t, ξ2)v̂(t, ξ3)dξ1dξ2, j = 2, 3,

Λ1 = {(ξ1, ξ2) ∈ R2 : ξ1 > 0, ξ2 > 0, ξ3 > 0}, L1 = −p2 + ξ21 + ξ22 + ξ23 ,

Λ2 = {(ξ1, ξ2) ∈ R2 : ξ1 < 0, ξ2 < 0, ξ3 > 0}, L2 = −p2 − ξ21 − ξ22 + ξ23 ,

Λ3 = {(ξ1, ξ2) ∈ R2 : ξ1 > 0, ξ2 > 0, ξ3 < 0}, L3 = −p2 + ξ21 + ξ22 − ξ23 .

In the first integral Q1 we make the change of variables ξ1 = p/3+s/
√

3−q, ξ2 =
p/3 + s/

√
3 + q. Then ξ3 = p/3− 2s/

√
3, and thus we obtain

Q1 =
2(ip)k+1

√
3

∫ p/2
√

3

−p/
√

3

ds

∫ p/3+s/
√

3

−p/3−s/
√

3

dqeitL̄1 v̂(t, ξ1)v̂(t, ξ2)v̂(t, ξ3).
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And in the integrals Q2 and Q3 we make the change of variables ξ1 = p/3 + r −
q, ξ2 = p/3 + r + q. Then ξ3 = p/3− 2r, and we obtain

Q2 = 6ip
∫ −p/3

−∞
dr

∫ −p/3−r

p/3+r

dqeitL̄2 v̂(t, ξ1)v̂(t, ξ2)v̂(t, ξ3)dξ1dξ2

= 6ip
∫ −p/3

−∞
dr

∫ −p/3−r

p/3+r

dqeitL̄2(iξ1 + iξ2 + iξ3)k

× 1 + ξ3
1 + ξ3

v̂(t, ξ1)v̂(t, ξ2)v̂(t, ξ3)dξ1dξ2

and

Q3 = 6(ip)k+1

∫ ∞

p/6

dr

∫ p/3+r

−p/3−r

dqeL̄3 v̂(t, ξ1)v̂(t, ξ2)v̂(t, ξ3),

where L̄1 = −2p2/3 + 2s2 + 2q2, L̄2 = −2p2 + 2(r − 2p/3)2 − 2q2, and L̄3 =
−2(r − 2p/3)2 + 2q2. Note that the integral Q1 is symmetric with respect to the
turning of the coordinate axis to the angle 2π/3; therefore we can write the repre-
sentation

∫ p/2
√

3

−p/
√

3

ds

∫ p/3+s/
√

3

−p/3−s/
√

3

dq = 3
∫ p/2

√
3

0

ds

∫ s
√

3

−s
√

3

dq

= 3
∫ ∞

0

ds

∫ s
√

3

−s
√

3

dq − 3
∫ ∞

p/2
√

3

ds

∫ s
√

3

−s
√

3

dq

=
∫ ∫

dsdq − 3
∫ ∞

p/2
√

3

ds

∫ s
√

3

−s
√

3

dq,(2.12)

and so

Q1 =
2e−2itp2/3(ip)k+1

√
3(1 + ip)k+1

(∫ ∫
dsdq − 3

∫ ∞

p/2
√

3

ds

∫ s
√

3

−s
√

3

dq

)
e2its2+2itq2

× (1 + iξ1 + iξ2 + iξ3)k+1v̂(t, ξ1)v̂(t, ξ2)v̂(t, ξ3).

We now represent the domain of integration in the integral Q3 in the following
manner:

∫ ∞

p/6

dr

∫ p/3+r

−p/3−r

dq =
∫ ∫

drdq −
∫ p/6

−∞
dr

∫
dq

−
∫ ∞

p/6

dr

∫ ∞

p/3+r

dq −
∫ ∞

p/6

dr

∫ −p/3−r

−∞
dq.(2.13)
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The last two integrals in (2.13) coincide in view of the symmetry with respect to
ξ1 and ξ2. Thus we get

Q3 = 6
∫ ∫

drdqeitL̄3 (iξ1 + iξ2 + iξ3)k+1v̂(t, ξ1)v̂(t, ξ2)v̂(t, ξ3)

− 6ip
1 + ip

∫ p/6

−∞
dr

∫
dqeitL̄3(iξ1 + iξ2 + iξ3)k

× (1 + iξ1 + iξ2 + iξ3)v̂(t, ξ1)v̂(t, ξ2)v̂(t, ξ3)

− 12ip
∫ ∞

p/6

dr

∫ ∞

p/3+r

dqeitL̄3(iξ1 + iξ2 + iξ3)k 1 + ξ2 + ξ3/2
1 + ξ2 + ξ3/2

v̂(t, ξ1)v̂(t, ξ2)v̂(t, ξ3).

Now we substitute v̂ = Fv; then, using the identity

∫
eit(r−a)2dr =

√
π

t
eiπ/4(2.14)

after simple calculations we get

Q1 =
2e−2itp2/3

√
3(2π)3/2

(
ip

1 + ip
)k+1

×
∫ ∫ ∫

exp(−ip(x+ y + z)/3− i(x2 + y2 + z2 − xy − xz − yz)/6t)

×
(∫

ds

∫
dq − 3

∫ ∞

p/2
√

3

ds

∫ s
√

3

−s
√

3

dq

)
e2it(s−λ/

√
3)2+2it(q−µ)2

× (1 + ∂x + ∂y + ∂z)k+1v(t, x)v(t, y)v(t, z)dxdydz

=
iπ(ip)k+1e−2itp2/3

t
√

3
v̂3(t,

p

3
) +G1 +G2,(2.15)

where λ = x+y−2z
4t , µ = y−x

4t ,

G1 =
2iπ

t
√

3(2π)3/2
(

ip

1 + ip
)k+1

∫ ∫ ∫
dxdydz

× exp(−2itp2/3− ip(x+ y + z)/3)(e−i(x2+y2+z2−xy−xz−yz)/6t − 1)

× (1 + ∂x + ∂y + ∂z)k+1v(t, x)v(t, y)v(t, z),

G2 =
2
√

3
(2π)3/2

(
ip

1 + ip
)k+1

∫ ∫ ∫
dxdydz exp(−2itp2/3− ip(x+ y + z)/3

− i(x2 + y2 + z2 − xy − xz − yz)/6t)

×
∫ ∞

p/2
√

3

ds

∫ s
√

3

−s
√

3

dqe2it(s−λ/
√

3)2+2it(q−µ)2

× (1 + ∂x + ∂y + ∂z)k+1v(t, x)v(t, y)v(t, z).
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Also we have

Q2 =
6ip

(2π)3/2

∫ ∫ ∫
dxdydz exp(−2itp2 − ip(x+ y − z)

− i(z2 + xy − xz − yz)/2t)
∫ −p/3

−∞
dr
e2it(r− 2p

3 −λ)2

1 + p
3 − 2r

∫ −p/3−r

p/3+r

dqe−2it(q+µ)2

× (∂x + ∂y + ∂z)kv(t, x)v(t, y)(v(t, z) − iv′(t, z)).

And finally we obtain

Q3 =
6

(2π)3/2

∫ ∫ ∫
dxdydz exp(−ip(x+ y − z) + i(x− z)(y − z)/2t)

(2.16)

×
∫ ∫

drdqe2it(q−µ)2−2it(r−2p/3+λ)2(∂x + ∂y + ∂z)k+1v(t, x)v(t, y)v(t, z)

− 6ip
1 + ip

∫ ∫ ∫
dxdydze−ip(x+y−z)+i(x−z)(y−z)/2t

∫ p/6

−∞
dr

×
∫
dqe2it(q−µ)2−2it(r−2p/3+λ)2

× (∂x + ∂y + ∂z)k(1 + ∂x + ∂y + ∂z)v(t, x)v(t, y)v(t, z)

− 12ip
∫ ∫ ∫

dxdydze−ip(x+y+z)+i(x−z)(y−z)/2t

∫ ∞

p/6

dr

×
∫ ∞

p/3+r

dq
e2it(q−µ)2−2it(r−2p/3+λ)2

1 + p/2 + q

× (∂x + ∂y + ∂z)k(1 − i∂y − i

2
∂z)v(t, x)v(t, y)v(t, z)

=
3π(ip)k+1

t
|v̂(t, p)|2v̂(t, p) +G3 +G4 +G5,

(2.16)

where λ = x+y−2z
4t , µ = y−x

4t ,

G3 =
3π
t

∫ ∫ ∫
dxdydze−ip(x+y−z)(ei(x−z)(y−z)/2t − 1)

× (∂x + ∂y + ∂z)k+1v(t, x)v(t, y)v(t, z),

G4 = −
√
π

2t
6ipeiπ/4

1 + ip

∫ ∫ ∫
dxdydz

× exp(−ip(x+ y − z) + i(x− z)(y − z)/2t)
∫ p/6

−∞
dre−2it(r−2p/3+λ)2

× (∂x + ∂y + ∂z)k(1 + ∂x + ∂y + ∂z)v(t, x)v(t, y)v(t, z),



ASYMPTOTICS IN TIME FOR THE BENJAMIN-ONO EQUATION 119

G5 = −12ip
∫ ∫ ∫

dxdydz exp(−ip(x+y−z)+i(x−z)(y−z)/2t)

×
∫ ∞

p/2

dq

∫ ∞

q−p/3

dr
e2it(q−µ)2−2it(r−2p/3+λ)2

1 + p/2 + q

× (∂x + ∂y + ∂z)k(1− i∂x − i∂y)v(t, x)v(t, y)v(t, z).

The remainder terms G1 and G3 can be easily estimated:

‖G1(t)‖∞ + ‖G3(t)‖∞ ≤ Ct−1−γ‖v‖32,1,(2.17)

where γ ∈ (0, 1/4).
To estimate G2 we prove the following estimate for all t ≥ 1, p > 0;x, y, z ∈ R:

A1 = | p

1 + ip
|k+1|

∫ ∞

p/2
√

3

ds

∫ s
√

3

−s
√

3

dqe2it(s−λ/
√

3)2+2it(q−µ)2 |

≤ Ct−1−γ(1 + |x|+ |y|+ |z|)2γ .(2.18)

We make the change of variables s− λ/
√

3 = s′/
√

2t, q − µ = q′/
√

2t. We get (the
prime is omitted for simplicity)

A1 =
1
2t
| p

1 + ip
|k+1|

∫ ∞

p
√

t/6−λ
√

2t

dseis2
∫ s

√
3+(λ−µ)

√
2t

−s
√

3−(λ+µ)
√

2t

dqeiq2 |

=
π

2t
| p

1 + ip
|k+1|

∫ ∞

η

dseis2
(E(as+ b)− E(−as+ χ))|,

where η = p
√
t/6 − λ

√
2t, a =

√
3, b = (λ − µ)

√
2t,χ = −(λ+ µ)

√
2t. Now we use

the estimate

p
√
t/6 = η + λ

√
2t ≤ max(1, η) + λ

√
2t ≤ max(1, η)(1 + |λ

√
2t|)

≤ max(1, η)(1 + |x|+ |y|+ |z|).
Therefore by Lemma 2.3 we obtain

A1 ≤Ct−1−γ(1 + |x|+ |y|+ |z|)2γ(max(1, η))

×
(
|
∫ ∞

η

eis2
E(as+ b)ds|+

∣∣∣∣∫ ∞

η

eis2
E(−as+ χ)ds

∣∣∣∣)
≤ Ct−1−γ(1 + |x|+ |y|+ |z|)2γ ,

so we get (2.18). And from (2.18) we obtain an estimate of the second remainder
G2 in the representation (2.15):

‖G2(t)‖∞ ≤ Ct−1−γ‖v‖32,1.(2.19)

To estimate the integral Q2 we prove the following estimate:

A2 = p|
∫ −p/3

−∞
dr
e2it(r−2p/3−λ)2

1 + p
3 − 2r

∫ −p/3−r

p/3+r

dqe−2it(q+µ)2 |

≤ Ct−1−γ(1 + |x|+ |y|+ |z|)2γ .(2.20)

We now make the change of variables (r − 2p/3 − λ)
√

2t = −r′, (q + µ)
√

2t = q′.
Then we obtain, again omitting the prime,

A2 =
πp

2t
|
∫ ∞

η

dr
eir2

1 + 2p/3 + (r − η)/
√

2t
(−E(r + b1) + E(−r + b2))|,
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where

η = (p+ λ)
√

2t = (p+
x+ y − 2z

4t
)
√

2t, b1 = −(p+ λ− µ)
√

2t

= −(p+
x− z

2t
)
√

2t, b2 = (p+ λ+ µ)
√

2t = (p+
y − z

2t
)
√

2t.

Since

p
√
t ≤ C max(1,min(η, |b1|, |b2|))(1 + |x|+ |y|+ |z|),

and so

p ≤ C(1 + p)1−2γt−γ(1 + |x| + |y|+ |z|)2γ max(1,min(η, |b1|, |b2|))2γ(2.21)

we can apply Lemma 2.4 to obtain estimate (2.20). From (2.20) we can easily get

‖Q2‖∞ ≤ Ct−1−γ‖v‖32,1.(2.22)

Consider the integral G4. We prove the following estimate:

A3 =
p

|ip+ 1| |
∫ p/6

−∞
dre−2it(r−2p/3+λ)2 | ≤ Ct−1/2−γ(1 + |x|+ |y|+ |z|)2γ .(2.23)

We make the change of variables p/6− r = r′, λ− p/2 = x+y−2z
4t − p/2 = λ′. Then

we get, omitting the prime,

A3 =
p

|ip+ 1| |
∫ ∞

0

dre−2it(r−λ)2 |.

We consider the two possible cases: 1) |x+y−2z
4t | < p/4; then λ < −p/4, and

integration by parts yields

A3 =
p

|ip+ 1| |
e−2itλ2

4itλ
+
∫ ∞

0

e−2it(r−λ)2dr

4it(r − λ)2
| ≤ C/t;

2) |x+y−2z
4t | ≥ p/4; then we have

A3 =
pπ√

2t|ip+ 1| |E(−λ
√

2t)| ≤ Cpγt−1/2 ≤ Ct−1/2−γ |x+ y − 2z|γ .

Thus the estimate (2.23) is true. Using (2.23), we easily get

‖G4‖∞ ≤ Ct−1−γ‖v‖32,1.(2.24)

To estimate the last remainder G5, let us prove the following estimate:

A4 = p|
∫ ∞

p/2

dq

∫ ∞

q−p/3

dr
e2it(q−µ)2−2it(r−2p/3+λ)2

1 + p/2 + q
| ≤ Ct−1−γ(1 + |x|+ |y|+ |z|)γ .

(2.25)

We make the change of variables (q − µ)
√

2t = q′, (r − 2p/3 + λ)
√

2t = r′; then we
have, omitting the prime,

A4 =
πp

2t
|
∫ ∞

η

eiq2
E(q + χ)dq

1 + p+ (q − η)/
√

2t
|,

where η = (p/2 − µ)
√

2t, χ = (µ + λ − p)
√

2t. Then using (2.21) and Lemma 2.4
we get (2.25). And from (2.25) we obtain easily

‖G5‖∞ ≤ Ct−1−γ‖v‖32,1.(2.26)
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Substituting representations (2.15), (2.16) and estimates (2.17), (2.19), (2.22),
(2.24), (2.26) into (2.11), we get the result of the lemma. Lemma 2.5 is proved.

3. Proofs of Theorems 1.1 and 1.2

We define the function space XT as follows:

XT = {φ ∈ C([0, T ];S ′); |||φ|||XT = sup
t∈[0,T ]

‖φ(t)‖2,0

+ sup
t∈[0,T ]

‖U(−t)φ(t)‖1,1 <∞}.

To clarify the idea of the proof of the theorems we only show a priori estimates of
local solutions to the BO equation. For that purpose we assume that the following
local existence theorem holds.

Theorem 3.1. Assume that ‖u0‖2,0 + ‖u0‖1,1 = ε ≤ ε′ and ε′ is sufficiently small.
Then there exist a finite time interval [0, T ] with T > 1 and a unique solution u of
(1.1) with ρ > 3 such that

|||u|||XT ≤ Cε′.

For the proof of Theorem 3.1, see, e.g, [1, 2, 13, 18, 19, 24, 28, 30, 31].

Lemma 3.1. Let u be the local solution of the Cauchy problem (1.1) with ρ > 3
that exists by Theorem 3.1. Then, for any t ∈ [0, T ],

‖u(t)‖2,0 + ‖U(−t)u(t)‖1,1 ≤ Cε.

Proof. Denote

Lu = (∂t +H∂2
x)u.

Then we can write down the BO equation (1.1) as

Lu = −(|u|ρ−1u)x.

First of all we note that the conservation law

‖u‖ = ‖u0‖
holds. Then we differentiate equation (1.1) twice with respect to x to get

Luxx = −(|u|ρ−1u)xxx.

Multiplying both sides of this equation by uxx and integrating by parts, we obtain
d

dt
‖uxx‖2 ≤ C(‖u‖∞ + ‖ux‖∞)ρ−1(‖uxx‖2 + ‖u‖2).(3.1)

By Sobolev’s inequality (Lemma 2.1) and Theorem 3.1 we have

‖u‖∞ + ‖ux‖∞ ≤ C‖u‖2,0 ≤ Cε′

for t ≤ 1, and using estimate (2.1) of Lemma 2.2 and Theorem 3.1 we get

‖u‖∞ + ‖ux‖∞ ≤ C(1 + |t|)−1/2‖U(−t)u‖2,1 ≤ Cε′t−1/2.(3.2)

Therefore from (3.1), (3.2) and the Gronwall inequality we obtain

‖uxx‖2 ≤ C‖u0xx‖2 ≤ Cε2.

In the same way as in the proof of the above inequality we get

‖u‖2,0 ≤ Cε.(3.3)
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Let us define the dilation operator Iφ = xφ + 2t
∫ x

−∞ ∂tφdx
′ and the operator

Jφ = xφ− 2t
∫ x

−∞H∂2
xφdx

′ = xφ − 2tH∂xφ. Their difference is equal to

Iφ− Jφ = 2t
∫ x

−∞
Lφdx′.(3.4)

Also we note that the commutator representations

[L, J ]φ = 0, [L, I]φ = 2
∫ x

−∞
Lφdx′, [J, ∂x]φ = [I, ∂x]φ = −φ(3.5)

are valid. Using (3.5) we get

I(|u|ρ−1u)x = x∂x(|u|ρ−1u) + 2t∂t(|u|ρ−1u)

= ρ|u|ρ−1(x∂xu+ 2t∂tu) = ρ|u|ρ−1Iux.(3.6)

Therefore, applying the operator I to the equation (1.1), we find that

LIu = ILu+ 2
∫ x

−∞
Ludx′ = −I(|u|ρ−1u)x − 2|u|ρ−1u

= −ρ|u|ρ−1Iux − 2|u|ρ−1u = −ρ|u|ρ−1(Iu)x − (2− ρ)|u|ρ−1u.(3.7)

Multiplying (3.7) by Iu and integrating by parts, we get

d

dt
‖Iu‖2 ≤ C(‖u‖∞ + ‖ux‖∞)ρ−1(‖Iu‖2 + ‖Iu‖‖u‖).(3.8)

Analogously we have

LIux = ILux + 2Lu = −I(|u|ρ−1u)xx − 2(|u|ρ−1u)x

= −(I(|u|ρ−1u)x)x − (|u|ρ−1u)x

= −ρ(|u|ρ−1(Iux)x − (ρ− 1)|u|ρ−3uuxIux − |u|ρ−1ux).(3.9)

Multiplying (3.9) by Iux and integrating by parts, we obtain

d

dt
‖Iux‖2 ≤ C(‖u‖∞ + ‖ux‖∞)ρ−1(‖Iux‖2 + ‖u‖‖Iux‖).(3.10)

Applying (3.2), (3.3) and the Gronwall inequality to (3.8) and (3.10), we obtain the
estimate

‖Iu‖+ ‖Iux‖ ≤ C(‖xu0‖+ ‖xu0x‖) ≤ Cε,

whence by (3.2), (3.3) and the identity (3.4) we get

‖Ju‖+ ‖Jux‖ ≤ ‖Iu‖+ ‖Iux‖+ Ct(‖|u|ρ−1u‖+ ‖|u|ρ−1ux‖) ≤ Cε.(3.11)

The lemma follows immediately by applying (3.3) and (3.11), since we have

‖JU(t)f‖ = ‖FJU(t)f‖ = ‖xf‖,
from which it follows that

‖Ju‖ = ‖JU(t)U(−t)u‖ = ‖xU(−t)u‖.

We are now in a position to prove Theorems 1.1 and 1.2.
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Proof of Theorem 1.1. We have by Lemma 3.1

|||u|||XT ≤ Cε for t ∈ [0, T ].

We take ε satisfying Cε ≤ ε′. Then a standard continuation argument yields the
result because our constants C do not depend on the time T of existence of solutions.

Proof of Theorem 1.2. We have by (1.1)

(U(−t)∂j
xu)t = −U(−t)∂j+1

x (|u|ρ−1u), j = 0, 1,

and by (3.7)

(U(−t)Iu)t = −U(−t)(ρ|u|ρ−1(Iu)x + (2− ρ)|u|ρ−1u).

Hence by (3.2) we get

‖U(−t)(∂j
xu)(t)− U(−s)(∂j

xu)(s)‖ ≤ C

∫ t

s

(‖u(τ)‖∞ + ‖ux(τ)‖)ρ−1)‖u(τ)‖2,0dτ

≤ Cε

∫ t

s

τ−(ρ−1)/2dτ ≤ Cε(s−(ρ−3)/2 + t−(ρ−3)/2)

(3.12)

and by (3.2) and (3.11)

‖U(−t)Iu(t)− U(−s)Iu(s)‖ ≤ C

∫ t

s

‖u(τ)‖ρ−1
∞ (‖Iux(τ)‖ + ‖u(τ)‖)dτ

≤ Cε

∫ t

s

τ−(ρ−1)/2dτ ≤ Cε(s−(ρ−3)/2 + t−(ρ−3)/2).
(3.13)

From (3.4) and (3.2) it follows that

‖U(−t)(I − J)u(t)‖ ≤ Ct‖
∫ x

−∞
∂x′(|u|ρ−1u)dx′‖

≤ Ct‖u(t)‖ρ−1
∞ ‖u(t)‖ ≤ Cεt−

ρ−3
2 .

(3.14)

By (3.12)-(3.14) we find that there exists a unique function V ∈ H1,0 ∩H0,1 such
that

lim
t→∞(‖U(−t)u(t)−F−1V ‖1,0 + ‖U(−t)u(t)−F−1V ‖0,1) = 0.

This implies (1.2). By Hölder’s inequality and (1.2)

‖F(U(−t)u)(t)− V ‖∞ = ‖F(U(−t)u)(t)−FF−1V ‖∞
≤ C‖U(−t)u(t)−F−1V ‖1
≤ C‖U(−t)u(t)−F−1V ‖0,1 → 0 as t→∞.

(3.15)

The asymptotic formula (1.3) follows from (2.4), (3.15), and (2.5). This completes
the proof of Theorem 1.2.
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4. Proofs of Theorems 1.3 and 1.4

We define the function space YT as follows:

YT = {φ ∈ C([0, T ];S ′) : |||φ|||YT = sup
t∈[0,T ]

(1 + |t|)−Cε‖φ(t)‖3,0

+ sup
t∈[0,T ]

(1 + |t|)−Cε‖U(−t)φ(t)‖2,1

+ sup
t∈[0,T ]

√
1 + |t|(‖φ(t)‖∞ + ‖φx(t)‖∞) <∞},

where ε depends only on the size of the initial function.
We first state the local existence theorem without a proof.

Theorem 4.1. Assume that ‖u0‖3,0 + ‖u0‖1,2 = ε ≤ ε′ and ε′ is sufficiently small.
Then there exist a finite time interval [0, T ] with T > 1 and a unique solution u of
(1.1) with ρ = 3 such that

|||u|||YT ≤ Cε′.

For the proof of Theorem 4.1, see, e.g, [14, 15, 20, 29, 35].

Lemma 4.1. Let u be the local solution of the Cauchy problem (1.1) with ρ = 3
that exists by Theorem 4.1. Then, for any t ∈ [0, T ],

(1 + |t|)−Cε′(‖u(t)‖3,0 + ‖U(−t)u(t)‖2,1) ≤ Cε.

Proof. Analogously to the proof of Lemma 3.1, we differentiate equation (1.1) three
times with respect to x, multiply the result by uxxx and integrate by parts. Then
we have

d

dt
‖uxxx‖2 ≤ C(‖u‖∞‖ux‖∞‖uxxx‖2 + ‖ux‖2∞‖uxx‖‖uxxx‖)

≤ C(ε′)2(1 + |t|)−1(‖uxxx‖2 + ‖uxx‖2),
since

‖u‖∞ + ‖ux‖∞ ≤ Cε′(1 + |t|)−1/2.(4.1)

Similarly,
d

dt
‖u‖23,0 ≤ C(ε′)2(1 + |t|)−1‖u‖23,0.

Therefore using the Gronwall inequality we get

‖u‖3,0 ≤ Cε(1 + |t|)Cε′ .(4.2)

Now using (3.4), (3.5) and (4.1) we find that

‖Ju‖ ≤ ‖Iu‖+ ‖2t
∫ x

−∞
Ludx′‖

≤ ‖Iu‖+ C|t|‖u3‖ ≤ ‖Iu‖+ C(ε′)2‖u‖,(4.3)

‖(Ju)x‖ ≤ ‖Iux‖+ ‖u‖+ ‖2tLu‖ ≤ ‖Iux‖+ ‖u‖+ C(ε′)2‖u‖,(4.4)

‖(Ju)xx‖2 ≤ |(Juxxx, Iux)|+ C‖Iux‖‖uxx‖+ C‖ux‖2
≤ C(‖u‖23,0 + ‖Iux‖2 + ‖JIux‖2)(1 + (1 + |t|)‖u‖2∞)

≤ C((ε′)2 + 1)(‖u‖23,0 + ‖Iux‖2 + ‖JIux‖2).(4.5)
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And since∫ x

−∞
LIuxdx

′ =
∫ x

−∞
L(Iu)xdx

′ −
∫ x

−∞
Ludx′ = u3 + LIu = −u3 − 3u2Iux,

we obtain

‖JIux‖ ≤ ‖I2ux‖+ ‖2t
∫ x

−∞
LIuxdx

′‖

≤ ‖I2ux‖+ C|t|‖u3‖+ C|t|‖u2Iux‖
≤ ‖I2ux‖+ C|t|‖u‖2∞(‖u‖+ ‖Iux‖).(4.6)

Substituting (4.6) into (4.5), in view of (4.3) and (4.4) we get

‖xU(−t)u‖2
2,0 = ‖Ju‖22,0 ≤ C((ε′)2 + 1)(‖u‖23,0 + ‖Iu‖2 + ‖Iux‖2 + ‖I2ux‖2).

(4.7)

Now we use estimates (3.8), (3.10); then via (4.1) and the Gronwall inequality we
easily have

‖Iu‖+ ‖Iux‖ ≤ Cε(1 + |t|)Cε′ .(4.8)

Let us estimate ‖I2ux‖. Using (3.5), we find that

LI2ux = ILIux + 2
∫ x

−∞
LIuxdx

′

= I2Lux − 2I(u3)x − 2
∫ x

−∞
I(u3)xxdx

′ − 4u3

= I2Lux − 4I(u3)x − 2u3 = −I2(u3)xx − 4I(u3)x − 2u3.

Then an easy computation gives us

I(φψ)x = φIψx + ψIφx;

therefore I(u3)x = 3u2Iux and

I2(u3)xx = I(I(u3)x)x − I(u3)x = 3I((u2Iux)x)− 3u2Iux

= 6u(Iux)2 + 3u2I(Iux)x − 3u2Iux = 6u(Iux)2 + 3u2(I2ux)x − 6u2Iux.

Thus LI2ux = −6u(Iux)2 − 3u2(I2ux)x − 6u2Iux− 2u3. Multiplying this equation
by I2ux and integrating by parts, we get

d

dt
‖I2ux‖2 ≤ −2(I2ux, (6u(Iux)2 + 3u2(I2ux)x + 6u2Iux + 2u3))

≤ C(‖u‖∞ + ‖ux‖∞)2(‖I2ux‖2 + ‖Iux‖2 + ‖u‖2)
+ C‖u‖∞‖Iux‖∞‖I2ux‖‖Iux‖.(4.9)

From the identity (2.3) and the Hölder inequality we have, for 0 < γ < 1/2,

‖φ‖∞ ≤ Ct−1/2‖U(−t)φ‖1 ≤ Ct−1/2(‖φ‖ + ‖φ‖1/2−γ‖Jφ‖1/2+γ),

whence via (4.2), (4.8) and (4.6) we get

‖Iux‖∞ ≤ Ct−1/2(‖Iux‖+ ‖Iux‖1/2−γ‖JIux‖1/2+γ)

≤ Ct−1/2(‖Iux‖+ ‖Iux‖1/2−γ‖I2ux‖1/2+γ)

≤ Ct−1/2(‖Iux‖+ ‖Iux‖2/(1−2γ) + ‖I2ux‖)(4.10)
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By virtue of (4.1), (4.8) and (4.10) we find from (4.9) that

d

dt
‖I2ux‖2 ≤ C(ε′)2t−1‖I2ux‖2 + Cε2t−1+Cε′

+ Cε′t−1(‖Iux‖2 + ‖Iux‖(3−2γ)/(1−2γ) + ‖I2ux‖)‖I2ux‖
≤ Cε′t−1‖I2ux‖2 + Cε2t−1+Cε′

Applying the Gronwall inequality, we get

‖I2ux‖2 ≤ Cε2(1 + |t|)Cε′ .(4.11)

Estimates (4.2), (4.7), (4.8) and (4.11) give us the result. Lemma 4.1 is proved.

Lemma 4.2. Let u be the local solution of the Cauchy problem (1.1) with ρ = 3
that exists by Theorem 4.1. Then for any t ∈ [0, T ] we have

√
1 + t(‖u(t)‖∞ + ‖ux(t)‖∞) ≤ Cε.

Proof. By Lemma 4.1 we have√
1 + |t|(‖u(t)‖∞ + ‖ux(t)‖∞) ≤ Cε for t ≤ 1.(4.12)

We assume that t ≥ 1. From Lemma 2.2 and Lemma 4.1 it follows that

‖u(t)‖∞ + ‖ux(t)‖∞
≤ Cεt−1/2−α+Cε′ + Ct−1/2(‖FU(−t)u(t)‖∞ + ‖FU(−t)ux(t)‖∞).(4.13)

We estimate the second summand in the right-hand side of inequality (4.13). Mul-
tiplying both sides of (1.1) by U(−t), we obtain

(U(−t)u(t))t + U(−t)(u3)x = 0.(4.14)

We define v(t) = U(−t)u(t); then, taking the Fourier transform, we get

v̂t(t, p) + ip

∫ ∫
dξ1dξ2e

itLv̂(t, ξ1)v̂(t, ξ2)v̂(t, ξ3) = 0,(4.15)

where ξ3 = p−ξ1−ξ2,L = −p|p|+ξ1|ξ1|+ξ2|ξ2|+ξ3|ξ3|. Since the solution v(t, x) is
real, v̂(t,−p) = v̂(t, p). Therefore it is sufficient to consider only p > 0. By Lemma
2.5 we have the following equation for the function v̂(t, p) for p > 0, t > 0, k =
0, 1:

(ip)kv̂t(t, p) + (ip)k+1 iπe
−2itp2/3

t
√

3
v̂3(t,

p

3
)

+
3(ip)k+1π

t
|v̂(t, p)|2v̂(t, p) +O(t−1−γ‖v‖32,1) = 0.(4.16)

To get rid of the third summand in the left-hand side of equation (4.16) we make
a change of the dependent variable: v̂ = ŵB, where

B(t) = exp(−3ipπ
∫ t

1

|v̂(τ, p)|2 dτ
τ

).
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Then integrating (4.16) with respect to t from 1 to t and using Lemma 4.1, we
obtain

(ip)kŵ(t) = (ip)kŵ(1)− i(ip)k+1π√
3

∫ t

1

B(τ)e−2iτp2/3v̂3(τ,
p

3
)
dτ

τ

+ Cε

∫ t

1

τ−1−γ+Cε′dτ.(4.17)

Hence we get

‖FU(−t)u(t)‖∞ + ‖FU(−t)ux(t)‖∞ = ‖(1 + |p|)v̂‖∞ = ‖(1 + |p|)ŵ‖∞

≤ Cε+ Cp(1 + |p|)|
∫ t

1

B(τ)e−2iτp2/3v̂3(τ,
p

3
)
dτ

τ
|.(4.18)

To estimate the last integral in (4.18) we integrate by parts, using the identity

e−2iτp2/3 =
1

1− 2iτp2/3
∂τ (τe−2iτp2/3).

Then for 1 ≤ s ≤ t and p > 0 we have

p(1 + p)
∣∣∣∣∫ t

s

B(τ)e−2iτp2/3v̂3
(
τ,
p

3

) dτ
τ

∣∣∣∣
(4.19)

= p(1 + p)
∣∣ [B(τ)e−2iτp2/3v̂3(τ, p

3 )
1− 2iτp2/3

]t

s

−
∫ t

s

B(τ)e−2iτp2/3

1− 2iτp2/3
(
v̂3(τ, p

3 )2ip2/3
1− 2iτp2/3

+ 3v̂2
(
τ,
p

3

)
v̂τ

(
τ,
p

3

)
− 3ipπ

τ
v̂3
(
τ,
p

3

)
|v̂(τ, p)|2)dτ

τ

∣∣.
Using the Sobolev inequality (Lemma 2.1) and Lemma 4.1, we obtain the rough
estimate

‖(1 + |p|)v̂‖∞ ≤ ‖v‖1 + ‖vx‖1 ≤ ‖v‖2,1 ≤ Cε(1 + |t|)Cε′ ,(4.20)

and from (4.16) we have, for v̂t(t, p),

‖(ip)kv̂t(t, p)‖∞ ≤ CεtCε′−1.(4.21)

Substituting (4.20) and (4.21) into (4.19), we get

p(1 + p)|
∫ t

s

B(τ)e−2iτp2/3v̂3(τ,
p

3
)
dτ

τ
| ≤ Cεs−γ+Cε′ .(4.22)

Estimates (4.13), (4.18) and (4.22) gives us the desired result. Lemma 4.2 is proved.

In the same way as in the proof of Lemma 4.1, we have by Lemma 4.2

Lemma 4.3. Let u be the local solution of the Cauchy problem (1.1) with ρ = 3
that exists by Theorem 4.1. Then for any t ∈ [0, T ] we have

(1 + |t|)−Cε(‖u(t)‖3,0 + ‖U(−t)u(t)‖2,1) ≤ Cε.

We are now in a position to prove Theorems 1.3 and 1.4.

Proof of Theorem 1.3. In the same way as in the proof of Theorem 1.1 we have
Theorem 1.3, by Lemmas 4.1 and 4.3.
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Proof of Theorem 1.4. From equation (4.17) and estimate (4.22) we have

‖ŵ(t)− ŵ(s)‖∞ ≤ Cεs−γ+Cε.(4.23)

Hence there exists a unique limit function W ∈ L∞ such that

‖W − ŵ(t)‖∞ ≤ Cεt−γ+Cε.(4.24)

This implies estimate (1.5) in Theorem 1.4. We now let

Ψ(t) = ipπ

∫ t

1

(|ŵ(τ)|2 − |ŵ(t)|2))dτ
τ
.

Then

Ψ(t)−Ψ(s) = ipπ

∫ t

s

(|ŵ(τ)|2 − |ŵ(t)|2)dτ
τ

+ ipπ(|ŵ(t)|2 − |ŵ(s)|2) log s,

where 1 < s < τ < t. Using (4.23), we get

‖Ψ(t)−Ψ(s)‖∞ ≤ Cε

∫ t

s

τ−1−γ+Cεdτ + Cεs−γ+Cε log s ≤ Cεs−γ+Cε.(4.25)

Therefore by (4.25) we see that there exists a unique function Φ ∈ L∞, iΦ =
limt→∞Ψ(t) , satisfying

‖iΦ− Ψ(t)‖∞ ≤ Cεt−γ+Cε.(4.26)

By (4.24), (4.26) and the identity

ipπ

∫ t

1

|ŵ(τ)|2 dτ
τ

= ipπ|W |2 log t+ iΦ + (Ψ(t)− iΦ) + ipπ(|ŵ(t)|2 − |W |2)) log t

we have estimate (1.6) of Theorem 1.4. And from (1.5) and (1.6) the estimate
(1.8) follows. The asymptotic formula (1.7) now follows from the identity (2.4) and
estimates (2.5), (1.8). This completes the proof of Theorem 1.4.
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